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1 Introduction 



Let P be the projective space of dimension M over Spec Z, and X an irreducible 
arithmetic sub variety. A point 6 G X{<C) is called generic, if the algebraic closure 
of {6} over Z is all of X. Part III of this series of papers ( |Ma3] ) established a lower 
bound for the approximability of generic points 6 by algebraic points or sub varieties 
in terms of the dimension of X, which by j MaS] is best possible except for a subset 
of points of measure zero. More specifically, if the height and degree of an effective 
cycle on X are defined via 0(1) and 0(1), and the algebraic distance of an effective 
cycle to 9 is defined with respect to /i = ci(0(l)). (See |Mal] . Section4) 
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1.1 Theorem Let X he an irreducible quasi projective arithmetic variety of relative 
dimension t over Spec Ok, and C an ample positive metrized line bundle on some 
projective compactification of X . There is a number b > such that for every 
a » 0, and every generic G X(Co-) there is an infinite subset M C N such that 
for each D E M there is an irreducible subscheme ao of codimension t fulfilling 

degaz) < D\ h{aD) < aD\ \og\aD,0\ < -baD^+\ 



Proof jMa3] . Theorem 1.2, CoroUary 1.3. 

It is the objective of this paper to reverse this conclusion, i. e. the approximability of 
a generic point by algebraic subvarieties will imply a lower bound on the dimension 
of X, and hence give criteria of algebraic independence of complex numbers in terms 
of the approximability of corresponding points on arithmetic varieties. 
For the rest of the paper, if not specified otherwise, di, . . . ,dt will be derivations of 
k{X) whose restrictions to the tangent space of X at 6' are linearily independent. 
For a multi index I = {ii, . . . ,it) G N*, denote by |/| its norm ii + ■ ■ ■ + it and by 
the differential operator ■ ■ ■ dl* . Further, for a global section / G r(X, 0(D)) 
denote |/U.(pM) = (J^,, |/| VO'/'- 

1.2 Theorem Let X be an irreducible subvariety of relative dimension t in P*^, 
and 9 = [{9q, . . . , 9^)] G X(Co-) a generic point. One may assume 9q ^ 0, and then 
t = trdegi.{9i/9o, ■ ■ ■ , 9m/9q). Let further, Dk, Sk be series of natural numbers, Hk, Vk 
series of positive real numbers such that Sk < Dk, the series D^/ S^, Hk/ Sk,Vk/ Sk 
are non- decreasing, and 

SlVk 

hmsup =oo. 

fc-s>oo J-^k\^k + J^k) 

Additionally assume that for each sufficiently big G N, there is a set of global 
sections Tk of OiD) such for each f G Tk, 

degf < Dk, log|/|i2(p>M) < Hk, sup\j\<sJog\d\f/g'^''){9)\ < -Vk. 

and that there is no point x G ¥^'^(<C) such that fx = for every f G J-'k, and 

Vk- 
Sk- 



log \x,9\ < Then t is at least s + 1. 



The criterion entails the Philippon criterion if one takes Sk = for all k. An alter- 
native proof to the one given here was already given in |LRj (Theorem 2.1). Under 
an additional assumption, this new proof furthermore also entails a characterisation 
of the point 9 in terms of its approximability. 

This criterion has a difficiency because it is usually used in cases in which the series 
{Dk, Hk, Sk, Vk) fulfill certain regularity conditions (see below), and in this case there 
verifyably are points 9 on any variety X that fulfill the conclusion of Theorem 11.21 
without fulfilling its premiss. 
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1.3 Definition A function / : N — >■ N (R) is said to be of uniform polynomial 
growth, if the limes 

y k{f{k + l)-f{k)) 

fc^oo f{k) 

exists. 



1.4 Lemma 

1. The set of functions of uniform polynomial growth is closed under composi- 
tions, sums, products, differences and quotients with 

Ufog^nfTig, rif+g^ max{nf,ng), rifg^rif+Ug, m/f ^ -Uf, n^f^Uf. 

If f is unbounded, f~^ is defined via 

f-\n)^mi{k\f{k)>n}, 

and f is of uniform polynomial growth with Uf ^ 0, then f~^ is of uniform 
polynomial growth with Uf-i — i/nf. 

2. If f, g are of uniform polynomial growth, and f{k) > g{k) for every sufficiently 
big k, then nj > rig . 

3. A function f is of uniform polynomial growth, if and only if there is anuf & H 
such that for every e > 0, there is a ko & N such that 

k^'f-' <f{k)< k''f+' 

for every k > k^. 

4- If f is of uniform polynomial growth, and n is any natural number, then for 
sufficiently big k, 

f{k + n)<2f{k). 



1.5 Definition Let (D^, Sk, H^, \4) be a quadrupel of sequences of natural and pos- 
itive real numbers with < D^/S. The quadrupel is said to be of regular polynomial 
growth if D^/Sk and H^/Sk are monotonously increasing and unbounded, and the 
functions f{k) = D^/Sk and g{k) = H^/Dk are of uniform polynomial growth with 
Uf > 0, and g{k) > c > for sufficiently big k. 
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1.6 Proposition In the situation of Theorem \l.Sl if additionally {Dk, Sk, Hk,Vk) 
is of regular polynomial growth, and trdegk{0) = s + 1, then 9 is an S -point in the 
sense of Mahler classification 

Proof jMa5] 

1.7 Theorem Let X he a subvariety of relative dimension t ofP^^, and 6 G A'(C) 
a generic point. Further, D^, H^, Sk,Vk a quadrupel of sequences of natural and 
positive real numbers that is of regular polynomial growth, and fulfills 

r SlVk 

lim ; = oo. 

k^^ DliDk + Hk) 

Assume that for every sufficiently big k, there is a set J-'k C r(P^ , 0(D)), such 
that for every irreducible subvariety y G X that has sufficiently small distance to 9, 
there is an f G Tk, ond an I with \I\ < Sk/3 such that the restriction of f to y 
is nonzero, and 

\og\fk\ < Hk, sup log \d\f/g^^ (6)1 < -\4. 

|/|<5fc 

Then, t > s + 1. 

Remark: The conditions in Theorem 11.71 are fulfilled e. g. if for every sufficiently 
big k there are t global sections fi, ft of C^^'' with 

log l/.l < Hk. /^^'=(div/„ e)<-Vk. 1 = 1,..., t, 

and numbers /i, . . . , Jj with Jj < 5*^ such that the divisors of the sections 
d^^fi,...,d^^ft intersect properly. Another important case, where the conditions 
of the Theorem are fulfilled, will be when the global sections with small algebraic 
distance are obtained by having high order of vanishing at a certain point, and 
behave well with respect to differentiation. 

2 Prerequisites 

2.1 Lemma Let X be a regular projective arithmetic variety, C a metrized line 
bundle on X, and f a global section of C®^ . Then, for every effective cycle Z on 
X such that the intersection of Z with divf is proper, 

hidzvf.Z) = Dh{X)+ [ log|/|ci(L)"^, 
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where m is the dimension of Z. In particular, if Z is an effective cycle of pure 
codimension in projective space, and f G r(P*, O(-D)), then 

hidzvf) = DhiZ) + Jjog\f\r, 

with fj, = ci(L). 

Proof [BGS] . Proposition 3.2.1.(iv). 

2.2 Lemma Let X,y be regular projective arithmetic varieties, and f : X ^ y a 
morphism. Then for every metrized line bundle L on y , and every cycle Z in X , 
such that dim/(2^) = (X\m.Z, 

hf,ciZ) = hc{f*Z). 
Proof [BGS], Proposition 3.2.1.(iii). 

2.3 Lemma For m < n let C P" the projective subspace corresponding to a 
choice of m + 1 homogeneous coordinates, and p"-"*-! c P" the subspace corre- 
sponding the remaining n — m coordinates. With vr the map 

^ . pn ^ pm ^ pn-m-l^ [t; + U;] [t;] , [v] & P'" , [w] & P''^'''-\ 

and any cycle Z in P", such that Z does not meet P™, 

hMZ)) < h{Z). 

Proof [BGS] . (3.3.7). 

2.4 Lemma For every f G T{P\.,0{D)), 

^Og\f\oo-^Y.-< I l0g|/|/i*<l0g|/U2<l0g|/U. 
m=l •^^'^ 



Proof [BGS] . (1.4.10). 

2.5 Lemma Let / G r(P*, 0(D)), ^ G r(P*,0(DO)- Then, 

log|/|L2 + \og\g\L2 - C2(logD + logD') < \og\fg\L2 < 

log + log \g\L2 + ci(D + D') + log ^ f ^) • 
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Proof jMa2] . Lemma 3.2. 

For p < t, Z G Zgjj(P*), and 6 a point not contained in the support of Z in [Malj 
the algebraic distance D{Z, 6), is defined. Recall also the definition of the derivated 
algebraic distance of a point 6 to an effective X cycle in P*, whose support does 
not contain 6 in [Ma4j : Let / = (li, . . . , 22*) ^ denote a multi index, |J| = 
ii + ■ ■ ■ + «2n its norm, and the differential operator d^^ /dxid^'^ /dyi ■ ■ ■ d""^*^ jdyt-, 
and let v? : A*(C) P*(C) be the affine chart with v9(0) = Q. The derivated 
algebraic distance D^{Z, 6) of order S* G N is defined as 

:= SMp|,|<5log|9^expZ}(^^,X)|. 

If %l) is another affine chart centered at 6', the derivated algebraic distance with 
respect to if) differs from that with respect to only by a constant depending on if) 
and if times S'logdegX. See |Ma4] . 

There are the following Propositions for the derivated algebraic distance. 

2.6 Proposition For s, G N, and f G r(P*, 0(i^)) let F be the polynomial of 
degree at most D int variables that corresponds to f with respect to affine coordinates 
ofV^ centered at 9. Then, with some positive constant c only depending on t, 

D'^(divf,9) = sup log 

s<S\J\=s 

Proof |Ma4] . Theorem 1.3. 

2.7 Corollary 

In the situation of the Lemma, 

D^{diYf,e) < sup log|((9^F)(0)| +c(^ + D)log(^D). 

\j\<s 



QS 



{dzi)n---{dzty^' 



F (0) 



-log|/|+0((5 + Z})log(5D)). 



Proof Follows from the estimate 

log|/| >-cD 

for global sections / of 0{D) with a fixed positive constant c. 

We will need two special cases of the derivative metric Bezout Theorem, proved in 

|Ma4j . namely 
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2.8 Theorem Let X, y he properly intersecting effective cycles in projective space 
P^, and S, S natural numbers with S < degX/3, S < degY/3. There is a positive 
constant d only depending on t, and a function f from the set of natural numbers 
less or equal deg X + deg Y to the set of pairs of natural nubers less or equal deg X 
and deg Y respectively, such that pri o / and pr2 o / are surjective, and for every 
9 G P*(C) not contained in the support of X.Y . 

1. For a given < deg Zq + deg Zi, and any k < deg Zq + deg Zi greater or equal 
ko, and (z/q, z/i) = f{k), 

2(z7o - iyo)ii^i - i^i) log \Zo + Z,, e\ + 2D^(Zo.Zi, 9) + 2D{Zo, Z^) < 

(z>o - z/o)/^''^H^i,^) + (^1 - ^/i)/^''^"(^o,^) + 
0((deg Zo deg + S) \og{S deg Z^ deg Z^)). 

2. 

2D{X, Y) + 2D^^{X.Y, 6) < 
max{SD^^{X, 6), SD^^{Y, 6)) + d{degXdegY) log(degXdegF), 

and 

2D{X,Y) + 2D{X.Y,e) < 
max{SD{X, 6), D^^{Y, 6)) + d(degX degF) log(degX deg Y). 

Proof |Ma4] . Theorem 1.9, CoroUary 1.11. 

2.9 CoroUary 

1. For So, do < degZo/3, Si < Zi/3, and S = SoSi, there is a K < doSi such 
that 

K log \Zo + Zi,e\+ 2D^{Zo.Zi, 6) + 2D{Zo, Z^) < 
maxiSiD^^^iZo, 9), doD^^'{Zi, 6) + 
0((deg Zo deg Zi + S)\og{S deg Zo deg Zi)). 

2. For So < degZo/3, Si < degZi/3, and \Zo,9\ < \Zi,9\, 

2D''{Zo,Zi) + 2DiZo,Zi) < 
D''^ {Zi, 6) + 0((deg Zo deg Zi + S) log{S deg Zo deg Zi)). 

Proof The proof is similar to the one of |,M.a4j, Corollary 1.11. 
Similar to |Ma3] . Proposition 2.4.1, on can also deduce 
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2.10 Theorem Let y be an irreducible effective cycle of codimension p in projective 
space, f G r(P*, 0(i5))a a global section whose restriction to y is nonzero, and 
f G r(P*, 0(L'))]R a global section that is orthogonal to Iy{D) the elements of degree 
D in the vanishing ideal of Y such that fy = fy- Then for natural numbers S < 
degY/3,S < D/3 such that for every 9 e P*(C) not contained in divf.Y, 

2D^^{Y.divf,9) < 

max{SD^{divf,e),SD^{Y,e)) + degY\og\f^\+Dh{y) + dDdegY\og{DdegY), 
and 

D{Y.divf,e) < max{SD{divf ,6), D^{Y, 6)) + dDdegY \og{dD log Y). 

Let if : N — )■ R be function of uniform polynomial growth such that H{D)/D > 
a > with a sufficiently big constant a, hence by Lemma [1.4[ 4. nn > 0. 
For X an effective cycle in P* define the H/D-size of X as 

TT 

tH{X) = —degX + h{Z). 



2.11 Proposition There are constants c, 6, 6 > 0,?2 G N only depending on t such 
that for every generic 9 G P*(C) and every function if : N — > R as above, there 
is an infinite set M C N such that for every i^ G N, there is an irreducible zero 
dimensional subvariety ano o/P^, a locally complete intersection X of codimension 
s < t - 1 at an and global sections f G TiF\0{D))^J G T{P\0{D))n such 
that f^^^ = fa„o 7^ ^' '^^'^ ^^^^ '^min thc irrcduciblc component of X with minimal 
H/D-size, 

degX<D', h{X)<HD'-\ 
logl/iJ < H, \og\{f\e)\ < -btH{X^,^)D'+'-^, 

deganD<{nDY, h{anD) < {nH){nDy-\ D{anD,d) < -btH{anD)D, 

log 6^1 < -btH{anD)D, tH^ano) > CtH{Xmtn)D^''' ■ 

D D D 

Proof |Ma3] . Corollary 4.21. One has to be cautious to adjust the constants. 
Another important tool for the proofs is the Liouville inequality. 

2.12 Proposition: Liouville inequality Let f G r(P*, 0(i))), and a an al- 
gebraic point such that /a 7^ 0. There is a constant d, only depending on t such 
that 

D{divf, a) > Dh{a) — dega log |/| — dD deg a. 
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For the relation of this Proposition to the classical formulation of the Liouville 
inequality, compare |Ma6] . 



Proof Since by |Malj . Theorem 2.2.2, h{divf) < \og\f\ + Dat, this is a special 
case of the equality 

D{divf, a) = h{divf.a) — deg ah{divf) — deg fh{a) + at deg / deg a 



from |Mal] . Scholie 4.3, together with the estimate Z)(div/, a) < d! deg a deg / from 
|BGS] . Proposition 5.1. 



3 Derivatives 

3.1 Polynomials modelling derivatives of rational functions 

With X an arithmetic sub variety of relative dimension t in P^^, and g a global 
section of 0(1) whose restriction to X is nonzero, let 6 G X(Co-) be a generic point, 
and 9i, . . . ,partialt derivatives of X as in the introduction. 

3.1 Lemma With the above notations, and f a global section of C®^ , 
.1 f 



sup log 

\i\<s 



9^ 



D'idzvf, e) + log |/U2(pM) + 0{{S + D) log SD), 



for every S < D. 



Proof Let Ue be a neighbourhood of 9, and (p : U ^ Ug an affine chart of Ug. 
Further, di, . . .dt the canonical derivatives on U. Then, 

(ip~yd = hd 

with a (t X t)-matrix of rational functions h. Hence, 



sup log 

l/|<S 



(0) 



sup log 

\I\<S 



d'{v*fm +0{{S + D)\ogSD), 



and the Lemma follows from |Ma4] . Theorem 1.3. 



3.2 Corollary If g is another global section of C, and di,...,dt another set of 
derivations of k{X) whose restrictions to TgX are linearily independent, then 



sup log 



9' 



sup log 

\i\<s 



9 



0{{S + D)\ogSD). 
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Because of this Corollary to the derivatives of a global section it doesn't matter 
which derivatives di, . . . ,dt in k{X) one choses. In the proofs of the main Theorem 
we will chose them according to the definition in the next Theorem. 
Let X C P^^ be an irreducible subvariety of relative dimension t, and P* C P^^ a 
subspace defined over SpecZ such (P*)-*- does not meet X. Then, with 

TT : P*^ \ (P*)^ ^ P*, 

the restriction ttx of tt to A* is a proper map from X to P*. Denote by xq, . . . , xm 
the homogeneous coordinates of P*^ ordered such that xq, . . . ,Xt are homogeneous 
coordinates of P*. There is the canonical map k{xi, . . . , xm) — k(P'^'') — > k{X), and 
a Xi,i = 1, . . . ,t denotes the image of Xi under this map, the function field k{X) is 
a finite extension of k{xi, . . . ,Xt). 

We denote by d/dx^ the usual derivations of k{xi, . . . , xm) — k{xi/xo, . . . , xm/xq), 
and do not distinguish between a polynomial f{xi, . . . ,xm), its image 
/(xi/xo, . . . ,xm/xo) in fc(P^), and its image /(xi, . . . ,xm) in k{X). The following 
Theorem is a generalization of |RWj . Proposition ?? to higher dimensions. 

3.3 Theorem With the above notations, let dt, . . . ,dt be the derivations of k{X) 
defined by 

dixi = 1, and diXi = for z G {1, . . . , t} \ {/}. 
Let further I = {ii, . . . ,it) E W be a multi index of degree S = ii + ■ ■ ■ + it, and 

There is a homogeneous polynomial P = P{xq, . . .Xm) with 

degP < (M-t)degX, log |P|i2(pAf) < cdegX + h{X), 

with c a constant only depending on M and t, such that for every multi index I of 
degree S, and every homogeneous polynomial f , 



where fi is a homogeneous polynomial with 

deg fi < deg / + (25 -l){M-t) degX, 

log |/7|l2(pa/) < 

log I /I + log deg / + {2S - 1)(M - t){h{X) + cdegX + log deg X) + log(25!). 

Proof Let iix be the restriction of vr to X. For any /i = . . . , M, the projection 
of X to the space with homogeneous coordinates xq, . . . , Xt, x^ is a hyper surface of 
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degree at most degX. Let be the corresponding homogeneous polynomial in 
Xq, . . . ,Xt, x^. Then deg < deg X, and by Lemma 12. H 12.31 and \2A\ 

^og\P^\< [ fi^ + cdegX <h{n,X) + cdegX <h{X) + cdegX. (1) 



l-pM 

Let further 

^ dP 

■ n ■ 

At=i+1 



^•.■--^^(^7^Y<^KX), (2) 



and 

A. — — 

dxi \dXf,^ 

for Z = 1, . . . , t, and = t + 1, . . . , M. We have 

degAo < (M-t)(degX-l), 

and using Lemma [231 and (P), 

log \Ao\ < (M - t){h{X) + cdegX + logdegX). 

Also, AoAifj^ is a polynomial with 

deg{AoAk^) < (M - t)(degX - 1), 

hg\AoAk^\ < {M -t){h{X) + cdegX + \ogdegX). 
Since Pfi{xi, . . . ,Xt, x^) = on X, we get 

dP dP 
oxi dXf, 



hence, 

^^^M = -ITT ild^] = 



dxi \ dx 
and 

' ^l=t+l ^ 

is a polynomial with 

deg fi < max(deg Ao, deg^A^Ai^)) + deg / - 1 < (M - t) degX + deg /, 
log \fi\< log deg / + log I/I + (M - + cdegX + log deg X) + log 2, (3) 
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and 

dif = ^. (4) 

Put P = Aq. Then degP < (M — t){degX — 1), and the estimate on the norm of 
P immediately follows from ([T]), and Lemma [2.51 

Assume now the Theorem proved for / of degree S. That is, for any I with |J| = S, 

for some polynomial // with norm and degree fulfilling the estimates from the The- 
orem. Then, with / = / + (0, . . . , 0, 1, 0, . . . , 0), 

Bif-aaif-B _ id,fj)p^^-^-ms-i)p^^'^d,p _ 
d f - did f - di^^ 

P'difj - {2S - l)fiPdiP 

p2S+l 

By (E]), @ and induction hypothesis P'^difi, and {S — l)PfidiP are polynomials 
with 

deg(p2a,//) < degP + deg// < 2(M - t) degX + (25 - 1)(M - t) degX 

+ deg/ 

= (25 + l)(M-t)degX + deg/, 

and 

degifiPdiP) < 2(M-t)degX + (2S- l)(M-t)degX + deg/ 
= (25 + l)(M-t)degX + deg/. 

Likewise, the norms of P^diFj, and {S — l)PfidiP by ([3]); (j4]) and induction hy- 
pothesis fulfill the inequalities 

loglP^^j^l < (25 + l)(M-t)(/i(A') + cdegX + logdegX) + log(25)! 

+ log I/I + log deg/ 

< 2(5 + 1)(M - t){h{X) + cdegX + log deg X) + 2S\og2S^ 

+ log I /I + log deg/. 



and 



log 1(25 - l)//P9fcP| < log(25- 1) + (25- l)(M-t) X 

{h{X) + c deg X + log deg X) 
+ log|/|+logdeg/ + log(25)!. 
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Hence, with fj = P^difi - {2S - l)fiPdiP, we have f = fi/P^^^\ and 

degfj<{S + l){M- t) deg X + deg /, 

log I //I < (2^ + 1)(M - t){h{X) + cdegX + log deg X) + log(2^ + 2)!, 
and the claim follows for 5 + 1. 

3.4 Corollary With the notations of the Theorem, for every 9 in A'(C), such that 
f{9) 7^ and P{9) ^ 0), there is a constant c only depending on 9, and X such that 

D^divf, 9) = sup log \fi{9)\ + 0{{S + D) \og{SD)). 

\i\<s 

Moreover, for every T < S , 

D'{divf,9)= sup sup log I (9-^/,) (0)1. 

\I\<S-T \J\<T 

Proof Since log |P(0)^'^^^| = c{2S — 1), for some constant c, with g = Xq, the 
claim follows from the Theorem, together with Lemma 13.11 

3.2 Local Bezout Theorem 

In this subsection is a field of characteristic zero and X a scheme of dimension t 
over Spec k. For y a point in X denote hj Y = {y} its Zariski closure. 

3.5 Definition 

1. Let y be a point in X with with dimY = t—p . For Z an irreducible subvariety 
of codimension p — 1, f G k{Z) and my C Ox,y the maximal ideal in the 
localization of Ox at y, define the order of vanishing Vy{f ) of f at y as 

Vyif) := max{n G N|/ G m^;}. 

2. For X an irreducible subscheme of P^'^, and PiW) C P* = Projk[xo, . . . , xm] 
a projective subspace of codimension q, let w be the corresponding point in P^ 
and Y an irreducible subvariety of codimension p with p < q, define Vw{Y) as 

Vw{Y) := min]p(^p) {multiplicity ofP(W) inP{F).Y}, 

where P{F) runs over all subspaces P{F) C P^"'^ of codimension q — p that 
intersect Y properly and contain P{W). Define Vyj : Z(P*) Tj by linear 
extension. 
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3. For X — P^, w e P"^ a point corresponding to a subspace P{W) C P"^, and 
ZZi — Z2 a cycle of pure codimension p in P*^ define the order of vanishing 
of Z at w as the difference of the orders of vanishing as defined in part 1 of 
the chow forms fz^, fz2 of Zi, Z2 at the subvariety 

F{W)i = P^ X • • • X P^ X F{W) X P^ X • • • X P^, 

where P^ is the space dual to P^, and P(W) the space dual to P{W). Since 
the chow divisor is invariant under permutation of the factors in (p^^^+^-P^ 
this number does not depend on the choice of i e {1,...,M + 1— p}. 



3.6 Lemma 

1. For yw the point corresponding to a subspace P{W) C P*^ of codimension q, 
and Z a subvariety of codimension q — 11 m P* the definitions in 1 and 2 

coincide. 

2. The Definitions 2 and 3 coincide. 

3.7 Fact 

1. If w is a point corresponding to a subspace, X an effective cycle in P'^ , then 
P{W) C supp X, if and only if Vw{X) > 1. 

2. If y is a closed point ofP^, and X an effective cycle of pure codimension M, 
the multiplicity of y in X equals Vy{X). 

3. Let q > p, and P{W), P{F) be subspaces of codimension q, and p respectively. 
If w is the point corresponding to P{W), then 

v^{P{F)) = 1 ^ P{W) C P(F), and v^(P(F)) = ^ P{W) ^ P(F). 

4. Let P(W) C P{F) C P'^ be subspaces, and Y an effective cycle intersecting 
P{F) properly. If Vw^^\y) is defined as the order of vanishing ofP{F).Y at 
P{W) inside P{F), then 

5. Let X be an effective cycle of pure codimension p in P*, and y a closed point. 
Then for every subspace P{F) C P*, of codimension t — p containing y, and 
intersecting Y properly, 

Vy{X)<Vy{P{F).X), 

and there exists a subspace P{F) with these properties such that 

Vy{X)^Vy{P{F).X). 
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3.8 Proposition Let X be an irreducible subvariety of dimension t of P*^, and 
w a closed point in X. Further, f,g & r(P*^, O(-D)) with fy ^ 0. If for a natural 
number S and every multi index I with \I\ < S the equality [d^ f){y) = holds, then 
the order of vanishing Vy{Z) of Z = X.divf at y is at least S . 



Proof By Fact I3.7[ there is a subspace P{F) C P*^ be of codimension t — 1 con- 
taining y and properly intersecting Z such that Vy{Z) = Vy(¥'{F).Z). Since gy ^ 0, 
the multiphcity oiy in P(F).X.div/ equals the multiphcity oiy in P(F).X.div(//5f), 
that is 

Vy{Z) = Vy{F{F).Z) = Vy{F{F).X.div{f/g)). 

Further, if f,g are the restrictions of f,g to one- dimensional subvariety P{F) fl X, 
then 

VyiFiF).X.divif/g)) > VyidWif/g)). 

If 9 is a derivation of P{F) fl X whose restriction to y G P{F) fl X is nonzero, then 
9 is a linear combination with coefficients in k{X) of 9i, . . . , dt, hence d^{f/g) = 
for every s < S, which means that (f/g) is contained in the 5'th power nXp^^-jpij^^ of 

the maximal ideal mp(i?)nx,y C Cp(F)nx,y, that is Vy{f /g) > S. Together with the 
above equalities and estimates this implies the claim. 

Two effective cycles Y, Z of projective space are said to intersect properly at a point 
X G P^ if for every irreducible component U of the intersection of the supports of 
Y and Z that contains x the equality codimPF = codimF + codimZ holds. 

3.9 Local Bezout Theorem For x a closed point in P*^ and two cycles Y, Z of 
P*^, intersecting properly at x, 

v^Y.Z) > v^{Y)v,{Z). 



3.10 Remark By Fact \3. % the Theorem holds in case Y is a projective subspace 
P(F) C P*. 



3.11 Lemma Let Y, Z be properly intersecting irreducible varieties of codimension 
p, q of P^^, and X^Y their join. For a closed point x in P™ there are subpaces 
P(F),P(F') of codimensions t — p,t — q containing x such that the intersections 
P{F).Y and P{F').Z are proper, and 



= t;(,,,)(r#Z.P(F)#P(F')). 
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3.12 Lemma A point y^z in p2A^+i intersects P(A) if and only ify = z. Further, 
(l/#l/).P(A) = (t/,y). 

Proof Let u G k^^^,v G k*^^ be vectors representing y, z, i. e. [u] = y, [v] = z. The 
join y^z C P^*+^ consists of the points [{au, bv)], a,b ^ k. If [{au, bv)] G P(A), then 
there is a vector w G k^^^ such that {au, bv) = {w, w). Hence, au = w = bv, that is 
y =[u] = [v] = z, and [{w,w)] = {y,y). 

3.13 Lemma Let x be a closed point in projective space, Y, Z properly intersecting 
effective cycles in P*^, and Y^Z their join in p^A^+i. 

1. 

v^,,,)iYi^Z)>v,{Y)v^{Z). 

2. 

= Vx{Y.Z), 

where 5 : P*^ x P*^ — )■ P(A) is the diagonal embedding. 

Proof 1. By Fact04, there are subspaces P(F),P(F') C P* such that v,j,{Y) = 
Vx(P{F).Y),Vx:{Z) = Vx(P{F').Z). Since P{F).Y = J^y^yV zero dimensional, 
by Lemma [321 'Vj:(P{F).Y) = similarly, with V{F').Z = '^^rUzZ, the equality 
VxiF{F').Z) = holds. Since (F#Z).(P(F)#P(F')) = E^,. and x#x 
contains {x,x), it follows from the previous Lemma that 

= ^;(,,,.)(r#Z).(P(F)#P(F')) > n,m, = Vx{Y)vx{Z). 

2. Since the diagonal embedding is an isomorphism, this follows from the previous 
Lemma. 

Proof of Theorem 13.91 By the previous Lemma, part one, 

> v,iY)v,iZ). 

Further, by Remark 13. 10[ 

< t;(,,,)(P(A).(F#Z)) = 
which by part 2 of the previous Lemma equals Vx{Y.Z). 

3.14 Definition Let y be an effective cycle in P^^, and Y its base extenseion to 
Spec (Q. For a real number H the weighted order of vanishing of y at a point x in 
Pf is defined as Vx{Y)/tH(y)- 
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3.15 Lemma For every effective cycle y, and every closed point x G P*''^, there is 
an irreducible component y of y such that 

tH{y) - tH{y)' 



Proof Follows from the fact that both Vx and tn are linear functions on Z(P*), 
and elementary arithmetic. 

3.16 Proposition Let X C he an irreducible subvariety of dimension t, and 
a a closed point in X . Further, Y a subvariety of codimension p in X containing 
a, and fi e r(P*^, 0(Dj)), i = 1,. . .t — p global sections such that for every i = 
0, . . . ,t—p there is an effective cycle Zi of pure codimension i + p such that Zq = Y , 
the intersection of Zi with divfi^i is proper, and Zj+i + Xj = divfi+i.Zi, where Xi 
is an effective cycle whose support does not contain a. Further, assume that for 
every i = 1, . . . ,t — p there is a number G N such that fi is zero on a for every 
i = 1, . . . ,t — p, I with \I\ < Si, and a derivation of the functions field of X as 
above. Then, 

Va{Zt-p) > 5*1 ■ ■ ■ St-p. 



Proof By fact 13. 71 1. Va{Y) > 1, and by Proposition 13. 8[ the vanishing order of fi 
at a is at least Si. Hence, by the local Bezout Theorem, 

VaiZi+i) = VaiZi+i +Xi) = Vaidivfi+i.Zi) = ( (X.div/j+i) . Z^) > 

Va{X)Va{divfi+l)VaiZi) > lSi+iVa{Zi), 

and the Proposition follows by complete induction. 



3.3 Weighted derivative algebraic distance 

In analogy to the weighted algebraic distance defined in |Ma3] . define the weighted 
derivated algebraic distance 



3.17 Definition Let X be an effective cycle in P*. The a-size of X is defined to 
be the number 

ta{X) ■.= adegX + h{X). 
For G N define the weighted derivated algebraic distance of X to 9 as 

.'(9 X) - 
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3.18 Lemma Let X he an effective cycle in P*, and S a natural number. Then, 
there is an irreducible component y of X and an Sy & with Sy /taiy) > S/ta{X) 
such that 



We call y the irreducible component with minimal derivated algebraic distance rel- 
ative to S . 



Proof Let y, Z be effective cycles of codimension p in P*, and G N. By 
[Ma4j . Theorem 5.1, there are subspaces P(F),P(F') of codimension t — p such 
that with yi, . . .ydegY the points in the intersection of P{F) with Y counted with 
multiphcity, and hkewise zi, . . . , z^egz for P(-F') and Z for all natural numbers 
Si < degy/3,52 < degZ/3, 

deg Y 

D'^{Y,e)< J2 logb.,^|+0((^i + degy)log(^idegy)), 

i=Si + l 
degZ 

D''{Z,e)< J2 logk.,^|+0((52 + degZ)log(5'2degZ)). 

i=S2 + l 

For given S choose S*!, 5*2 G N such that Si + S2 = S, and 

log|i/i,6'| < log|2;j,6'| for i<Si,j>S2, 

log \zj, 9\ < log \yi, 9\ for j < S2,i> Si. (5) 

Then, 

deg Y deg Z 

Elog|l/i,6'|+ log|2;j,6'| < inf log 6*1 < 

P(F) 

i=Si+l j=S2+l zGsupp{TP{F).{X+Z) 

^D^'^iO, X + Y) + 0(deg(X + Y) log(deg(X + Y))), 
again by |Ma4j . Theorem 5.1. Consequently, 

E£ir+i log 0\ + ES^i log \z,, 9\ ^ l D^S{e,Y + Z) f\og{deg{Y + Z)) 



ta{x + y) -2 ta{y + z 

Let r G R be such that = ^ {x+y) '' ^"^^ ^ ~ signr[|r|]. Then, \s\ < min(S' — 

5*1, S - 5*2), and by ([5]), 



Ei=s,+i log Ivu o\ + Ej=s,+i log kj. ^1 
taiy + z) 
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> 



taiy)+taiZ) 

By elementary arithmetic, this is greater or equal 



mm 



taiy) ' taiZ) 



Further 

Si+r 52 - r S 



taiX) ta{y) taiX + y) 

By complete induction it follows, that for any effective cycle X with decomposition 
into irreducible parts 



X — ^ Xi, 



k=l 



we have numbers Sk with Sk/ta{Xk) = S/ta{X) + e, and 

mm....... ^ j < + 0((logdegX)/a). 

The Lemma follows by once more using |Ma4j . Theorem 5.1. 

3.19 Lemma Let y G Ze//(P*^) an effective cycle, and 9 E P^^(C) a point not 
contained in the support ofy. Then, for any m,n,S E N. 



Proof Since 

exp{D{9,mnY)) = (exp(D(0, X)))' 
this follows by elmentary differentiation techniques. 



4 Projection to a projective sub space 

4.1 Proposition Let X C P^^ be a subvariety of dimension t, further 9 G X(C), 
and Y an effective cycle in X whose support does not contain 9. Let ip : A^(C) — )■ 
P*^(C) be an affine chart centered at 9 such that ip{A^ x {0} = 'P{TgX) the tangent 
space of X at 9. Denote by I a multi index, and by the corresponding differential. 
Further let Nt be the set of multi indizes I = (li, . . . , i2M) with i2t+i = ■ ■ ■ = i2M = 0. 
Then, for S < degF/3, 

sup \og\{d\ip*expD{Y,9)) \ < D^{9,Y). 

I&Nt,\I\<S 
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D^{9,Y)< sup \og\{d\ip*expD{Y,9))\+0{degY\ogdegY). 

ieNt,\i\<s 

Proof The first claim is trivial. For the second claim, let Ug be a neighbourhood of 
^ in X such that the orthogonal projection vr of Ug to TqX is bijective, and for every 
X G Ue, the inequality \x, 9\ < 2\7ix, 9\ holds. With p the codimension of Y in X, by 
|Ma4] . Theorem 1.4, there is a subspace P{F) C P*^ of codimension t — p such that 
P(F) contains 9, intersects Y properly, and with P{F).Y = Ylt^i^ Viy numbered in 
such a way that \yi,9\ < ■ ■ ■ < \ydegY, 9\ the derivated algebraic distance of 6* to F 
may be estimated as 

deg Y 

D^{9,Y) < sup log ff \yi,9\ \ + 0{S log degY), 

degY 

\og\d' n \y,,9\\<D^{9,Y) + 0{degY). 

i=l 

Let r be the radius of Ue, and k < degY a number such that \yk, 9\ < r < \yk+i, 9\. 
Then, with = \7Tyi,9\/\yi,9\, 

log|(9V*Q(^))(0)| <c|J|, log|(9^1/Q(^))(0)| <c|/|, 

with c a fixed constant. Hence, for every /, with |/| < S, 

deg Y deg Y 

log sup \d^ TT \yi,9\ \ < log sup \d^ TT \nyi,9\ \ + cS < 
\i\<s t\ \i\<s tl 

log Y] d^T[\nyi,9\\+cS < log sup \d\^* exp D{Y,9))\, 

ieNu\i\<s i=i ieN,,\i\<s 

proving the second claim. 

4.2 Lemma There are positive constants c, c only depending on M and t, and a 
subspace p^^^^^i c P''^ defined over Z that does not meet X , and fulfills 

h{¥^'-'-^) < glogdegX and log|P^-*-\X| > -c-logdegX 

For P* the orthogonal complement o/P*^~*~^ in P*^, the restriction of the map 

TT : P^-^ \ P^'-'-\ [v + w]^ [v], [v] G P*, [w] G P^^"*"! 

to X is a flat, finite proper map ttx '■ X ^ , and 

h{F^) < clog deg X, 

with c a constant only depending on M and t. 
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Proof By |Ma4] . Corollary 5.4, there is a subspace P{W) C P^^ with 

\og\F{W),X\ > -ci -logdegX, 

with some positive constant Ci only depending on M, and t. For V C C^"*"^ a 
subspace, denote by S(y) the set of vectors of length 1 in V, and by pry the 
orthogonal projection to the orthogonal complement of V. On the Grassmannian 
GM,t, we have 

\V, W\ = sup \pr^\, 
ves(v) 

and for V a primitive submodule of Z*^^, 

h{V) = logVol(V^) +(Tp. 

Let W be the space from above, q = M — t = dimW^, and a = 2e'^^q{t + 1) degX. 
One can recursively find vectors 

such that with Vi = {vi, . . . ,Vi), 

V, G pri^^_,{Z''+'), \v,\ < (M + l)2(*^+i)/^a*+\ \pri.{v,)\ < Vt + T-. 

a 

Indeed, assume that Wi, . . . , Wt+i is an orthonormal basis of W-^, and Vi, . . . ,Vi have 
been found. Since, logvol^i > 1, then \ogvol{Z^^+^ /Vi)) < 1. Let Q be the Cuboid 
in ]R*+^ that has lengths 2(^^+i)/(*+i)a9/(*+i) parallel to W, and lengths 1/a paralell 
to W^. Then, 

vol(Q) = 2*^+ia*+i(l/a)*+^ = 2*^+^ > 2^+^vol(Z^+Vl^,). 

By the Theorem of Minkovksi, Q thus contains a non zero vector fj+i, and fj+i 
fulfills 

< q{2^M+i)/it+i)^,/(t+i)Y ^^^^ l)(l/a)2 < (M + i)2(^'^+i)/(*+i)a2'?/(*+i), 

and ^ 

br^!,(t;.+i)P<(t + l) 

Since is an orthonormal basis of = V^, for any v G SiV) we have 

w = Ya=i (^i'^i with X^Li kip = 1) hence 



1 g(t + l) 



.^^ a 2e=ig(t + l)degX 2degX 
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Hence, 

log I V, VI^I = log sup \pr^{v) I < — Ci — log 2 — log deg X. 

v£S(V) 

Since log > — ci — logdegX, we get log \V,X\ > — ci — logdegX — log2 = 

— c — log deg X with a suitable c. 

Finally, since \vi\ < (M + l)2(^^+i)/'?a*+^ for z = 1, . . . g, we get 

Q 

h{P{V)) = logvol(r) + (TgJ^^og \vi\ + aq< 

i=l 

log (g(M + l)2(^^+^)/(*+i))(2e^ig(t + 1) degX)«/(*+i)) + a, < glogdegX, 

with a suitable c > 0. If M = Z^^+i n V, and = 2*+^ nl/^, by [Be], Proposition 
l.(ii), 

volM^volM < (degX)7exp(a5). 
Hence, with P* = P(M^), 

/i(p*) = logvolM-^ + (Tt< clog deg X + at - aq < clog deg X. 

4.3 Proposition Let y G Z^^jj{X) he a cycle, G X(C) a generic point, and 
P*, P*^"*"\ TT, TTx as in Lemma 

1. If the set of complex valued points Yi of an irreducible component of y has 
sufficiently small distance to 9, then dim7r(3^j) = dim3^j. 

2. For x,y E X(C) in a sufficiently small neighbourhood of 9, 

\x,y\ < c\Tixx,-Kxyl 
where c is constant depending on 9. and for x,y E P'^^ \ P(F-'-), 
log Ittx, ny\ < \x, y \ - log \x, p^'^~^~^\ - log \y, P*^-*-i|. 

3. IfY is irreducible, dimnV = dimy, then 

degirxiY) = degy, h{nx{y)) < h{y). 

4- IfY is irreducible, dimvry = dimy, 9 is not contained in the support of Y , 
and S < degy/3, then 

2(D^y (tt^^. Tlx (y)) < D^^{9, Y) + 0(deg Y log deg Y), 
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Proof 1. Let TqX be the tangent space of A" at ^ which may be identified with the 

projective space ^{Vq) corresponding to a subspace Ve of <C^^^. Since ^ is a generic 
point of X, the restriction of tt to P(V5/) is bijective, hence comes from a bijective 
hnear map 

Because the metrics on ¥{ye) and P* just correspond to different inner products on 
Ve and C*, there is positive constant c such that 

1 

-|7rx,7ry < y < c ttx, Try 

c 

for every x.y G W'iVe). Further, for a sufficiently smaU neighbourhood Uq of 9 the 
orthogonal projection pr from Uq to TqX = P(V6i) is bijective, and 

\prx,pry\ < \x,y\ < 2\prx,pry\ 

for every x,y in Uq implying the first claim. 

Let u,v e C*+^ be vectors representing nx and ny. There are vectors Wi,W2 G C'^"* 
such that u = u + Wi,v = v + W2 represent the points x,y. We may assume 
that \u\ = \v\ = 1. Then, in the Fubini-Study metric, since u,w & C*"*"^, and 
wuW2 e C^^-* = (C*-i)^, 

\x, p^-*-i|2 < \x, [wi]f = sm''{u, wi) = \u\'', \y, P^-*-i| < |y, [w2\\'' = 

Without loss of generality, we may assume {u\v) < 0, and \u\ < \v\, hence \w2\ < 
\wi\. If 1^21 = 0, then x — ttx, y — Try, and there is nothing to prove. If |'u;2| > 0, 
set A ~ \w2\/\wi\ < 1, and define the point y e P^ hy y — [v + Xwi]. 
Then, 

\x,y\'^ = 1 - {{u\v) + {wi\w2)y > 1 - {{u\v) + |wi||w2|)^ = 
1 — {{u\v) + A(wi|wi))^ — \x, y|^. 

Further, 

PIttxI Ivryp = ^(1 — {u\v)'^) < 

iiQ iiO iiOiiD II I / \ \ ') 

\u\ + \v\ — \u\ \v\ — 2{u\v)\wi\\w2\ — {u\v) — 
l-{l-\u\'^){l-\v\'^)-{u\vy-2{u\v)\wi\\w2\ = l-{u\vy-2{u\v)X\wi\'^-X'^\wi\^ = 

1 - {u\v) + {wi\Xw2y = \x,y\, 
which, together with the above, implies 

\x, P^-*-^|>, P^-*-^| V^kz/r < \x, y\. 

2. Since ^ is a generic point, the base extension ttc to is injective in some 
neighbourhood of 9. This immediately implies the claim. 
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3. The first claim is obvious. The second claim is |BGS] . (3.3.7). 

4. Let p be the dimension of Y. Since |P*-^"*~\X| > — c — logdegX, by |Ma4j . 
Propositions 5.4, and Corollary 5.5, there is a space P(-F) C P*''^ of codimension 
t — p that contains p^^~*-i as well as 6, hence intersects Y properly, such that 

(D^(^))^(^,F.P(F)) < + 0(degFlogdegF), 

hence, if P{F).Y = Yl'i=i Vi where the yi are ordered in such a way that \yi,0\ < 
• • • < bdegy, ^1, |Ma4j . Proposition 4.7 implies 

deg Y 

2 log|y„^| </^'^(^,r) + 0(degFlogdegF). 

i=S+l 

Let a G SdogY be a permutation such that | Tryo-i , tt^^ | < • ■ ■ < |vrya-degy, 6*1- By part 
Proposition 14. 5[ |7r?/j,7r6'| < \yi^6\ + clogdegF. Hence, 

deg Y deg Y 

2 ^ log|7ry„„7r^| < 2 ^ log ^| + c(degF - 5) logdegF < 

i=5+l i=S+l 

degy 

2 ^ log|i/i,^|+c(degy-5)logdegy <L'^"^(0,F) + O(degyiogdegy). 

Further, since P(-F) fl P* is a subspace of dimension p in P* containing ti9 and 
intersecting vry properly, |Ma4] . Proposition 5.1 implies 

dog Y 

{D^y{Txe,T,Y)< £ log|7r|/.„7r^^|+0(degyiogdegy), 

i=S+l 

hence 

2(D^y(7r^,7rr) < + 0(deg Flog degy), 

as was to be proved. 



4.4 Lemma Let y G Z^j-jr{P'^^) be an effective cycle that intersects X properly, 
and 9 G X(G) a point not contained in the support ofY. Then, 

1. 

deg(Xy) = deg X degy, 
h{y) < deg/i(3^) + degy /i(A') + c deg X degy. 

2. For any S < deg Y , 

2D%e,Y.X) < D^3S){e,Y) + 0{degX degY \og{degX degY)). 
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Proof 1. is just the algebraic and arithmetic Bezout Theorem. Since 9 G X(C), 
2. is Theorem 12.91 2 applied to the varieties X,Y. 

4.5 Proposition In the situation of Lemma let y G Z^j^{P^). Then, X 
intersects vr*(3^) properly, and y* := 7r^(3^) = Tx*(y).X . Further, 

1. 

deg Y* = deg X deg F, 
h{y*) < degX(/i(3^) + g deg Flog deg X) + deg + c deg X deg r, 

and for every irreducible component y* of y* sufficiently close to 9, 

degF*>degr, h{y*>h{y). 

2. If further 9 G P*(C) is not contained in the support ofY, and 9 G X{(C) is a 
point with 7ix9 = 9, then for S < deg Y , 

D^{9,Y*) < ^D^^{9,Y) + deg Xh{y*) + degY*h{X) + d deg XdegY*. 

3. IffenF\0{D)), letf*n*f. Then, 

log |/*|L2(pAf) = |/|l2(P') + cD, 

\divf*,9\ < c\divf,TT9\ < c\ div f*,9\ + cc2 deg X. 
sup log I (97*) Wl< sup log I (97) (^) I . 

|7|<5 \I\<S 

Proof 

1. Since degvr*!' = degF, the first claim follows from vr^(3^) = 7T*{y).X and the 
previous Lemma. 

Let xi, . . . ,XM-t G r(P^^,0(l)) such that P* = divxi divxM-t- Then, by 

Lemma 12. 

M-t „ 

V / log|x,|/i^-^ = MP*)-MP*^), 

Jdivxi divxi_i 

and 3^ = 7r*(3^).divxi divx M-t- Hence, there are numbers ai, . . . , aM-t G such 

that Ei=7 fli = h{P') - /i(P*0, and log | normalized Green form for 

divxi divxi in divsi divxj-i. The equality 3^ = 7r*(3^).divxi, . . . .divxAf-t 

together with Lemma [2. II and |BGS] . Proposition 5.1 implies 

M-t „ 

h{y)-h{n*{y)) = J2 logix.i/i'"-^-^ 

i=l "'7r*{y).diVa;i diVxi_i 

M-t ^ M-t 

ai 



I l^^l - «i)/^*'~"~' + deg F J] 

i=l ^7r*(y).diVa;i diVxi_i 



-c deg Y + deg F(/i(P*) - /i(P*^^ 
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with c a positive constant depending only on t, M, and p. Thus, 



h{7i*{y)) = h{y) + cdegy - degF(/i(P^) - h{F')) < 



h{y) + c deg Y + ci deg Y log deg X. 



Since n^iy) = n*{y).X, the previous Lemma implies 

h{'JT*^{y)) < degXh{n*{y)) + degYh{X) + cs deg X deg F < 

deg X {h{y) + ci degyiogdegX) + degF/i(A') + C3degXdegF, 
proving the second claim. 

If 3^* is an irreducible component of 3^* sufficiently close to 6, then because of the 
irreduciblity, (vtx)*}^* = y, hence by Proposition 11312, degF* < degY,h{y*) < 



By |Ma4] . Theorem 1.4, there is a subspace P{F) C P* of dimension p such that 
with P(F).F = Ylf=i^ Vi^ ordered such that \yi,0\ < ■ ■ ■ < \ydegY,d\, 



for every S < degy/3. Denote by / < degF the number such that yi G nxUg for 
i < I, and y^ ^ ttUq for i > I. Then, log \yi, 9\ > —C2 for every i > I with C2 > inde- 
pendent of Y. Further, let P(F*) C P^ be the projective subspace of codimension 
p that Contains P(-F) as well as p^^-*-i. Then the restriction of ttx to Ug maps 
P(F*) n supp(7r*(F)) injectively to P(FnsuppF), and since |^,P^^-*| > cdegX, 
for every y* in P(F*) fl rr*{Y), we have log \y*, 9\ < log \7i{y*), 9\ + Ci log deg X, and 
consequently if P{F*).n*(Y) = Yl'i=i^ Vi ordered in the usual way. 




deg Y 



2 J2 ^ogh,9\ < + 0((5 + degF)logdegy), 



deg Y 



D^{n*Y,9) < 



log|i/*,^|+0(SlogdegF) 



i=S+l 

I 



< 



J2 log|i/*,^|+0(51ogdegr) 



i=S+l 




i=S+l 



deg Y 



< 



log\yi,9\ + (C2 + Ci)degriogdegX + 0(51ogdegr). 



i=S+l 
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Hence, 

D^{7r*(Y),9) < ^D^^{Y,9) + {c2 + Ci)degY\ogdegX + 0{S\ogdegY). 

3. The first claim follows by integration over the fibres of vr, and the second claim 
from Proposition 14.51 1. 

With y9 : A* — )■ P* the canonical affine chart centered at 6, and ip the local inverse 
of TTx at 6 with image in U-6, the map ip o (f is an affine chart of X around 6. Thus, 
for an / G T{F\0{D)), 

from which the claim about derivatives follows. 

The inequality |div/*,6'| < |div/, 7r^| < |div/*,6'| + cdegX follows from part 1. 



5 Proof of second criterion 

This section establishes a proof of Theorem II. 2[ For a given a > 1, if Hk < aDk, one 
can replace Hk by Hk = aDk. Then, since Hk + Dk < {a + l)Dk < {a + l){Dk + Hk), 
still 

r SlVk 

limsup — — ^— = oo, 

fc-s.oo Dl{Dk + Hk) 

hence we may from now on assume that Hk > aDk- For similar reasons, one may 
assume Sk < 3Dk for all k. Similarly, by replacing the series {Dk, Hk, Sk,Vk) by 
{5Dk, 5Hk, Sk, Vk), and each f & J^k^Y f^, one may assume that 

sup |log|97|| <-5V^ 
for each k sufficiently big and f E J^k- 

5.1 Definition Given the series {Dk, Hk, Sk,Vk) , and a t < s — 1, an irreducible 
subvariety y of X of codimension p < t is called sufficiently approximating of order 
k and multiplicity G N with respect to 6 E X{<C), if the estimates 

tHk,DSy)<%fDl-'Hk, (6) 



and 



hold. 



5y/9P ir, -\)\ ^ ^SyVk , . 
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5.2 Lemma Given the series {Dk, Hk, Sk, Vk), let C » and t < s — 1. Because 
of 

r S^Vk 

^™ ^""P nun = ^ 

for every A;o G N there is a k > such that 

7 > (8) 



StVk 



Dl{Dk + Hk 
and assume I < k. 

1. Let y he an irreducible subvariety of codimension p in X , and 5'y G N a 
number such that ((^ holds. Let further j ^ Ti be such that divf intersects y 
properly, and assume 

D'-^'^-^)l'^'^\dtvf.Y,e)< ^^'^^^'^ 



Then, if either k = I or \ divf, 6\ < \Y, 6\, there exists an irreducible component 
y of divf.y and a number Sy such that Sy/taiy) > Sy /ta{divf .y) , and y is 
sufficiently approximating of order k and multiplicity Sy with respect to 9. 

Let y be an irreducible subvariety of codimension p in X that is sufficiently 
approximating of order k and multiplicity Sy with respect to 9, and f ^ J-'k a 
global section whose restriction to y is nonzero. Then, there exists an irre- 
ducible component y of divf.y, and a number Sy E ¥i such that Sy/taiy) > 
Sy/taidivf.y), andy is sufficiently approximating of order k and multiplicity 
Sy with respect to 9. 



Proof 1. Since 

5y(S;^l)/9P+l//i 4:SiSyVk 

Lemma 13.181 implies that there is an irreducible component y of div/.3^, and a 
number Sy such that, 

^t,op,0) < .£f2r'(/.3'.9) + 0(.og(B.degy), < 
and by shrinking Sy if necessary, 

SySi ^ , , SySi , , 

>SYltH,/DAy)>i jihr^v (9) 



tu^DM^^f-y) - " ' - tH,/DM^f-yy 
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Thereby, 

Further, by the algebraic and arithmetic Bezout Theorems, the inequahty Di < Hk, 
and the fact that y fulfills (jH]), 

tH,/DM^f-y) < Dih{y) + HidegY+(^ + c)DidegY 



\D 



k 



Hence, by the right hand side inequality of ([9]), 



^k 



C_ C CP cP+1 
'^Y ^ ^l^k ~> '-^k 



the last inequality, because I < k and both D^/Sk and Hk/D^ are non-decreasing. 
Thereby, 

tH,/D,{y)<^^'^'DiH,, 

that is y is sufficiently approximating of order k and multiplicity Sy with respect 

to e. 

2. For k = I, since div/ intersects 3^ properly, by the derivative metric Bezout 
Theorem fl^ . 

2D^^(^^-i)/9''+'(div/.y, < max{SkD'^ 9), SyD^''-'^/"^" (divf, 6)) 

+ 2HkdegY + 2Dkh{y) + 2dDkdegY 
+ c(DfcdegF)log(D,degr) 

< max{SkD^^/^\Y, 6), 5yZ)(^'^-i)/9'(div/, 6)) 
+ 7DktH,/DAy)^og{DkdegY). 

Further, by ([T]), and Proposition 12.61 

S,D^^/^\Y,9)<-^, 
SyD'-^^'-'y^'idiYf^e) < -5SyVk + cDk\ogDk < -ASyVk, 
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and by and ([8]), since p < t < s — 1, 

7DktH,/D,{y)\ogiDkdegY) < 7 ■ A^^DlH klogiD^degY) 

< 7 ■ A^SyVk/C log(D, deg Y) < "^^^^ 



14P- 



for C sufficiently big. Hence, 



k 



that is 



(^/^^ (div/.y,g)<- (div/.y). 



Thereby the premisses of part 1 are fulfilled with I = k, and part one implies the 
claim. 

If I < k, and |div/, ^| < \Y,6\, the claim follows similarly, this time using Corollary 
[2:912. 

Proof of Theorem 11.21 Assume t < s + 1, let fco ^ N be any number, and 

R = inf {log |div/, 9\\fe r(P*, O(DfeJ), log I/I < / ^ 0}. 
Let further C be an arbitrarily big constant, and k > ko such that 



Dl{Du + Hk 

and 



> C, (111 



> CR. 



Dl-\Dk + Hk) 

Let 3^ C A" be a subvariety of maximal codimension that is sufficiently approximating 
of order k and some multiplicity Sy- Then Y is contained in the support of div/ 
for every / G J-'k, since otherwise, by Lemma 15.21 2. there would be a subvariety 
y of codimension p + 1 fulfilling the same conditions, thereby contradicting the 
maximality of the codimension of y. Since the derivated algebraic distance of the 
zero cycle is defined as 0, we have p < t. 
Let now 

/ = max{A; < k\3f G J^k-i : Y (t supp{div f)} , 
Then, Y is contained in the support of div/ for every f E J^i, hence 

iog|y,^| > (12) 
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and for every / G Ti, by |Mal] . Theorem 2.2.1 and ([6]), and ([7]), 

log |div/, Q\ < log \Y, e\ < ipH^/D^Y^ e) + c< VhJ/LS^^ ^) < 

^ — — : z—r-tik ^ — — — , „ ^ . „ zz-r _^ „ < — -K, 



the last inequality holding if the constant C is chosen sufficiently big. The inequal- 
ities log \dif, 0\ < —R for every f E J^i imply / > k^. 

Let D = [Si^iSyVk/iUP'^Vi^i)]. If degF < D/3, then, again by [Mil] . Theorem 
2.2.1, 

in contradiction with (fT2|) . If degF > let g G -T-^-i be such that Y (f_ supp(div(7). 
If Idiv^f,^! < \XiQ\i Lemma [5.21 1 would contradict the minimality of the dimension 
of 3^. Hence, < |div^,e|. 

Using Corollary 12.91 for Zq = Y, Zi = divg,do = D,So = Sy,Si = Si-i, one gets a 
K < DSi-i such that 

Klog\Y,e\ + 2D^^'^^'~'-^^^^"^\Y.degg,e) < 

max{D D^'-^-\divg, 9), 5;_iL>^^ (Y, 6) + 

2Hi_, deg Y + 2Di^^h{y) + 2rfA-i deg Y. 

Since D^^-^-\diYg,e) < -5Vi^i, D^^ iY,9) < -45y 14/14^-15^, and by assumption 
Hi_i/Si^i < Hk/Sk, and Di_i/Si^i < D^/Sk, the above is less or equal 

max(-5S;_i5yVfc/(2 ■ 14^-^), -^,_i^y 1^/(14^-1)) + 
degY + Dk^hiy) + dDk^ degY. 

'Jfe 

Further, by (E]) 

Si-iu^.n^.r. Si-i, / Si^.A^SyDl-'iDk + Hk) 



2Dk^h{y) <2Dk^tH,{y) < 2D 



Jk ^5;^ 

The last inequality because of p < t. Similarly, 

2Hk^ degF < 2 ■ APSi^.Sy^, dD^^ degY < 2 ■ A^Si^.Sy^. 
bk U Ok O 

Hence, 

Klog \diYg + Y,e\+ 2D^'^^^'-'/%Y. degg, 9) < 



31 



-5S,_i^yl4/(2 ■ U^-^) + QSi.iSvVk/C < -Si^iSyVu/{2 ■ U^-'), 
for C sufficiently large. 

Since 3^ was chosen of maximal codimension, Lemma [5.21 1 implies 

D'^^^^~^/^{Y.dwg,e) > -Si^iSyVk/iA-Uf-^). Consequently, 

iriog \divg + Y,e\< -Si_,SYVk/{A ■ U^^'), 

and thereby 

log \Y, e\ < -Si^iSyVk/{AK ■ 14^-1). 
Since K < Si^iD, this is less or equal 

-SyVk/iADU^-') < -V^_i/(45,_i), 

again contradicting (fT2l) . Since the assumtions t — 1 < s leads to a contradiction, 
we have t — 1 > s. 



6 Proof of second criterion 

To prove Theorem 11.71 let ^ be a point in projective space P^''^, assume its alge- 
braic closure X over Spec Z has relative dimension t, and let {D^, S^, Hk.Vk) be a 
quadrupel of series fulfilling the assumptions of the Theorem. Let further F, G be 
the functions F{k) = Dk/Sk,G{k) = Hk/Dk- Since F,G are of uniform polynomial 
growth, by Lemma [1.4[ there is a such that for every k > ko, 

-Dk+i/ Sk+i < Df:/ Sk < Dk+i/ Sk+i, -Hk+i/ Sk+i < Hk/ Sk < Hk+i/ Sk+i- (13) 

By Lemma [1.41 the function H{D) = G o F^^{D) is of uniform polynomial growth 
with riH > 0. Multiplying H{D) by a positive constant, if necessary, one can assure 
that H{D) > aD with an arbitrary number a > 1. By Proposition I2.11[ there are 
numbers 6i, 1 > Cq > 0, rii G N and an infinite subset M C N such that for each 
D & M there is an irreducible variety (3nD of codimension t in P* and a locally 
complete intersection Z at ano of codimension r < t — 1, such that 

deg^nw < {n.DY, h^P^.n) < H{n,D){n,DY-\ D{P^,d,0) < -b,tHiPmD)D, 

tH/nif^niD) > CotH/D{2min)D*^^' , (14) 

where Zmin is the irreducible component of Z with minimal ^-size. Let nx P* 
be the projection from section (U and a^) C A* an irreducible component of itxC(d, 
further y an irreducible component of n^Zmin containing an- By f lT^ . Proposition 
14.51 1. and Proposition 14.31 there are constants 6, l>c>0,nGN such that 

deg anD < {nD)\ h{anD) < H{nD){nDy-\ D{anD,0) < -btH{anD)D, 
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tH/D{anD) > CtH/D{y)D'-\ (15) 

With a big constant C3 put 

c 

" 9M(/i(A') + C3 degX)' 
Since limfc_^oo D'iDk+Hk) ~ ^^^^^ is a /ci > /cq such that 

> AOMh{X + C3 degX){d + l)(2n max(l/ci, (10 + d)/b)Y. 



VkSl 



Dl{Dk + Hk) 

for every k > ki, where d is the constant from Proposition 12.121 Since M is infinite, 
( !T3|) imphes that there is a D G M and a k > ki such that 

^^Mt (min(ci, 6/(10 + (16) 

2 / Ok 

Applying the function H = G o F^^ to both sides, and using that it is eventually 
non- decreasing, gives 

/min(ci, 6/(10 + c/))\ i/fe hl(^(^^^\\\u (^^\ 

( ^ 1 < — < (min(ci, 6/(10 + d)))i/, (17) 

with H = H{D). Adding both inequalities implies 

(^ -^^(^^^WilO + d)) ^^ (// + D) < < min(c„ 6/(10 + d^H + D) < 

2min(ci, 6/(10 + rf))if. (18) 

For a given global section h G r(P^,0(l)) with hg 7^ 0, identify an / G J-fc with 
///i^'= G Q(X). 

6.1 Lemma There is an f & Tk such that for some I with \I\ < 2Sk/3 the restric- 
tion of f to UnD is nonzero. 



Proof Assume the opposite, and inductively construe a chain of subvarieties 

3^1 D ■ ■ ■ D yt-r = OinD, 

such that 

<c'-^D'~hH{y), i = l,...t-r, 



33 



in the following way: Since Uno is contained in F, by fact 13. 7[ we have Va^^iY) > 1, 
thus can choose = y. Assume is given, and fulfills the above estimate. Since 
anD is contained in 3^j, by |Mal] . Theorem 2.2.2, 

log \y,, 6\ < log 6\ < Ri^IlEl^ + 0(1) < -bD + 0(1). (19) 

D 

Thus, for k sufficiently large, the assumption in the Theorem asserts that there is 
an fi G J-fc and a multi index Jj with < 5*^/3 such that the restriction of d^'fi 
to is nonzero, and by Theorem 13. 3[ there are polynomials P, fi^ with P\x 7^ 0, 
thereby P{e) ^ 0, and by also Pia^D) 7^ 0, fulfilling 

deg fj^ < deg/, + {2S - 1)(M - t) degX < 2MdegXDk, 



log \fu\ < log \fi\+ log deg fi 

+ (25- l)(M-t)(/i(A') + C4degX + logdegX) + log(25!) 

< {2M{h{X)+csdegX){Hk + Dk)<3M{h{X) + csdegX)Hk, 

and 



d^' f = — 



o-J = p 
and thereby 

d'fu{a^D) = d\d'^fP^\'^\-'){a^,D) = 

for every J with |J| < Sk/3. Hence, by Proposition 13.161 v^^^ (div fr) > Sk/S, and 
by the local Bezout Theorem, 

S 

^a„o(^i-div/jJ > -±Va„^(Yi). 

Further, by the algebraic Bezout Theorem, 

deg(yi.div/,J < 2MdegXDfcdegF„ 
h{y,.dwfjj < 

2MdegXDkh{yi) + 3M{h{X) + CsdegX)HkdegYi + 2cMdegXDkdegYi < 
2M deg XDkh{y,) + AM{hiX) + C3 deg X)Hk deg Y^. 

Hence, 

tniy^AiYfiJ < 

2^M deg XDk deg Y^ + 2M deg XDkhiyi) + AM{h{X) + C3 deg X)Hk deg < 
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2MdegXD,tH{yi)+4M{h{X) + C3degX)^DtH{y,). 

D 11 D 

Together with the above estimate on the order of vanishing of YiAivfj. at anD, this 
gives 

< — l2MdegXDk + 4:M{h{X) + C3degX)-^D " 



which by ( |T6i) . and ( fT7|) is less or equal 

' ^ ' ^ D{2MdegX + 4M{h{X) + C3degX))^-— < 



' "'"'^''1'"^ ^ D{3MdegX + 5M{h{X) + C3degX)) ^ ' < 



By Lemma I3.15[ there is an irreducible component 3^j+i of 3^jdiv//^ such that 

t^(3^i.div/,J 

D ^ D 



Va„AYi+i) t;a„,(Fi.div//J' 
which by the above is less than 

tK{y^) 

cD^ 

which by induction hypothesis is less or equal 

dDHuiy). 

D 

proving the claim for i + 1. For i = t — r, the claim gives 

tn (anD) 

contradicting the lower estimate on in ( fTSi) 

Proof of Theorem I1.7L continuation Let g = d^f with |/| < 25*^/3 be as in 
the Lemma. By Theorem 13.31 there are polynomials P, gi such that with cs chosen 
sufficiently big, 

9 = J^§pi^ deg gj < 2M deg XD^, 
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log\gi\ < 3M{h{X) + C3degX)Hk, 

and by Corollary 13.41 

sup \og\{d'gj\e)\<-Vk/2. 

\J\<Sk/3 

Theorem 13.31 also implies P\x 7^ 0, and thereby P{0) 7^ 0, which by ( fT9l) implies 

P{anD) ^ 0. 
Hence, by Theorem 12.81 2. and Corollary 13.41 

D{anD, divgi) < max (^^D{anD, 6), -14/2^ < max (^h^DtHoianD), -'14/2 

Further, by Liouvilles Theorem I2.12[ 

D{anDA^^9i) > -2M degX Dkh{anD) - deg anD3M{h{X) + cadegX)//^ 
—2dM deg XD^ deg 

> -2M deg XDktH{a,,D) - SM{h{X) + C3 deg X)^tH{anD] 

D il D 

-2dM deg XDk^tH{anD) 
ri o 

> -[2{d + l)M deg XDk + 3M{h{A:) + C3 deg X) x 

D 

The two inequalities together give 

2{d+ l)MdegXDk + 3M{h{X) + C3 degX)^— t.^ Kz,) < 

H J o 

max (^-b^DtH^ano), -Vk/2 

If -{2M{d + l)degXDk + 3M{h{X) + C3 degX)^)%^(a„i5) were less or equal 
—b{Sk/3)DtH{anD), if C3 is chosen sufficiently big, this would contradict the second 
inequality of f lTS]) . Hence, 

- (^2{d+l)MdegXDk + 3M{h{X) + C3degX)^^tHA(^nD) < -Vk/2. (20) 
By the upper estimates on degano, and h{anD), 

2{d+l)MdegXDk + 3M{h{X) + c^degX)^^ tuMuD) < 
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H D 

2{2MdegX{d+l)Dk + 3M{h{X + C3 degX)^—)2Hn'D'-\ 

H 



which by (fT6l) and (ITTI) is less or equal 

8MdegX(rf + l)(2n)*max(l/ci, (10 + d)/h)) 



Si " 

HuDi 



12M{h{X + C3 degX)(2n)*max(l/ci, (10 + d)/b)y^^ < 
imh{X + C3 degX)(rf + l)(2n*)max(l/ci, (10 + 



for C3 sufficiently big. Together with (!20l) . this implies 

< 40M^(A' + C3 degX)(rf + l){2n max(l/ci, (10 + 
Since was chosen such that 



VkSl 



> AOM{hiX) + C3 degX)(d + l)(2n max(l/ci, (10 + d)/b)y 



and Ski Dk < 1, we get t > s + 1. 
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